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UNBOUNDED OPERATORS, LIE ALGEBRAS, AND LOCAL
REPRESENTATIONS
PALLE JORGENSEN AND FENG TIAN
Abstract. We prove a number of results on integrability and extendability of Lie
algebras of unbounded skew-symmetric operators with common dense domain in
Hilbert space. By integrability for a Lie algebra g, we mean that there is an as-
sociated unitary representation U of the corresponding simply connected Lie group
such that g is the differential of U . Our results extend earlier integrability results in
the literature; and are new even in the case of a single operator. Our applications
include a new invariant for certain Riemann surfaces.
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1. Introduction
In this paper we discuss the problem of integrating representations of Lie algebras
to unitary representations of the corresponding simply connected Lie group. Our main
purpose is to stress a link between the two, taking the form of local representations.
Hence we begin with the case of one dimension, so the real line R, in section 2, and we
turn to general Lie algebras/Lie groups in section 4. The literature is vast, and to give
the reader a sense of different directions, both current and classical, we suggest the fol-
lowing papers, and the sources cited there: [Jor87, Jor86, FS66, Seg64, Ben02, Pra91,
Voh72, Che72, Arn78, dG84, dG83, Nee11, GKS11, GT12, Nee06, Rob90, Rob89,
2000 Mathematics Subject Classification. Primary 47L60, 46N30, 46N50, 42C15, 65R10, 05C50,
05C75, 31C20; Secondary 46N20, 22E70, 31A15, 58J65, 81S25.
Key words and phrases. Unbounded operators, deficiency-indices, unbounded operators, exten-
sions, Hilbert space, boundary values, non-commutative geometry, Lie algebras, Lie groups, unitary
representations, locally invariant domain, Riemann surface, harmonic analysis, Hilbert space.
1
ar
X
iv
:1
40
6.
69
66
v1
  [
ma
th.
FA
]  
26
 Ju
n 2
01
4
2BGJR88, Rus87, Frö80, Nel59]. Applications are diverse as well; physics (symme-
try groups, relativistic and non-relativistic), differential equations, harmonic analysis,
and stochastic processes.
The simplest case of the integrability problem for Lie algebras of unbounded oper-
ators is that of a single operator. Here we will restrict attention to skew-symmetric
operators with dense domain in Hilbert space H . The story begins with von Neu-
mann’s theory of indices, also called defect indices (or deficiency indices); so named
because they measure the gap between an operator being formally skew-adjoint on the
one hand, and skew-adjoint on the other. By the latter, we mean that it has a spec-
tral resolution, and therefore is the generator of a strongly continuous one-parameter
group of unitary operators in H . This is really a geometric formulation of a variety
of boundary value problems.
The paper is organized as follows: In section 2 we present the case of a single
operator. This will be used, and it also allows us to introduce key ideas to be used
later, for abelian Lie algebras in section 3, in the case of non-abelian Lie algebras of
unbounded operators in section 4.
2. One dimension, single operators
In the case of a single skew-symmetric operator T with dense domain in a Hilbert
spaceH , we introduce a notion of “local invariance,” and we prove that it is equivalent
to T having von Neumann indices (0, 0), i.e., to T being essentially skew-adjoint.
Equivalently, indices (0, 0) means that T has a projection valued spectral resolution;
and is therefore the infinitesimal generator of a strongly continuous one-parameter
group of unitary operators in H .
The systematic study of extensions of symmetric (or equivalently skew-symmetric)
operators began with von Neumann’s paper [vN30]. Different applications, including
boundary value problems and scattering theory, see [DS88] and [LP89]. For more recent
applications, see for example [JPT14, JPT13, AJSV13, CJ12].
Theorem 2.1. Let H be a skew-symmetric operator with dense domain D in a Hilbert
space H , i.e.,
〈Hv,w〉+ 〈v,Hw〉 = 0 (2.1)
for all v, w ∈ D . Suppose there are subspaces Dε, ε ∈ R+, such that
(i)
D =
⋃
ε∈R+
Dε. (Note that Dε may be zero if ε is large.)
(ii) For every ε ∈ R+ there is an ε′, 0 < ε′ < ε, and there are operators
{ϕε (t) : |t| < ε}
with dense domain D such that:
(a) ϕε (s+ t) = ϕε (s)ϕε (t), |s| < ε, |t| < ε, |s+ t| < ε;
(b) ddtϕε (t) = Hϕε (t), |t| < ε′, ϕε (0) = I; and
3(c) ϕε (t) leaves Dε invariant for all t ∈ (−ε′, ε′).
Then the operator H is essentially skew-adjoint, i.e., it has a projection-valued
spectral resolution.
Proof. Step 1 For all ε ∈ R+, and v ∈ Dε, we have
‖ϕε (t) v‖ = ‖v‖ , ∀t ∈ (−ε, ε) . (2.2)
Indeed, let v ∈ Dε be as above; then
d
dt
‖ϕε (t) v‖2 =
〈
d
dt
ϕε (t) v, ϕε (t) v
〉
+
〈
ϕε (t) v,
d
dt
ϕε (t) v
〉
=
(by (ii)(b))
〈Hϕε (t) v, ϕε (t) v〉+ 〈ϕε (t) v,Hϕε (t) v〉
=
(by (2.1))
0.
Hence (2.2) follows.
Step 2 We get a strongly continuous unitary one-parameter group {Ut | t ∈ R} act-
ing in H , by extending from the local flows {ϕε (t) | |t| < ε}, as follows:
Pick t ∈ R\ {0}, and n ∈ N s.t. |t/n| < ε′, where ε′ is as in (ii). Then the operators
ϕε (t/n) leave invariant the fixed subspaces Dε from (i). For v ∈ Dε, we then get, using
(ii)(a),
Utv :=
(
ϕε
(
t
n
))n
v. (2.3)
An application of (2.2) yields,
‖Utv‖ = ‖v‖ . (2.4)
Hence, Ut extends by closure (since (i) holds and D is dense) to a unitary operator
Ut : H →H for all t ∈ R. By (2.2), the set of pairs in R for which the group
Us+t = UsUt (2.5)
holds is open, closed, and non-empty. Using (ii)(a) and connectedness of R, we conclude
that (2.5) holds for all s, t ∈ R.
Step 3 t −→ Ut is strongly continuous: This follows from (ii)(b).
Step 4 By Stone’s theorem, {Ut}t∈R has a unique infinitesimal generator, i.e., there
is a selfadjoint operator H˜ (generally unbounded) such that
Ut = e
itH˜ =
ˆ
R
eiλtP (dλ) (2.6)
where P (·) denotes the spectral resolution of the selfadjoint operator H˜.
Step 5 The operator iH˜ extends H, i.e., D is contained in dom(H˜), and
Hv = iH˜v = lim
t→0
Utv − v
t
(2.7)
holds for all v ∈ D .
4Proof of (2.7). Pick v ∈ D , ε > 0 s.t. v ∈ Dε, see (i); then for |t| < ε, ϕε (t) v = Utv,
and
d
dt
∣∣
t=0
ϕε (t) =
(by (ii)(b))
Hv = lim
t→0
Utv − v
t
exists, and by definition of the infinitesimal generator of {Ut}t∈R, we get Hv = iH˜v
which is the desired conclusion (2.7).
We now show that the closure of (H,D), the operator H with D as its domain, is
iH˜, i.e., that infinitesimal generator of the unitary one-parameter group {Ut}t∈R from
(2.6)-(2.7) is the closure of H.
Details: Since we already proved that iH˜ is an extension of H on D , i.e., that the
closure of the graph
G (H) :=
{(
v
Hv
)
, v ∈ D
}
in H ×H is contained in the graph of iH˜, and G (H)cl = G(iH˜); it is enough to
prove that (H,D) has deficiency indices (0, 0); for then the skew-adjoint extension iH˜
is unique, so it must be the closure of H.
To verify the index assertion, we must show that the following two equations,
〈Hv ± v, f±〉 ≡ 0, ∀v ∈ D (2.8)
has only solution f± = 0 in H . By symmetry, we need only consider one of the
equations in (2.8), say the f− case:
For v ∈ D = ⋃ε∈R+ Dε, we pick ε and ε′ as in (ii)(c) in the statement of the theorem.
Using formula (2.3), we conclude that Utv ∈ D for all t ∈ R. Hence, by (2.8), we get
〈HUtv, f−〉 = 〈Utv, f−〉 , ∀t ∈ R.
But by (2.7) this is equivalent to the following differential equation:
d
dt
〈Utv, f−〉 = 〈Utv, f−〉 , ∀t ∈ R,
with initial condition 〈Utv, f−〉
∣∣∣
t=0
= 〈v, f−〉. Hence
〈Utv, f−〉 = et 〈v, f−〉 , ∀t ∈ R. (2.9)
But since Ut is unitary (isometric) the LHS in (2.9) is bounded as a function of t ∈ R,
while the RHS in (2.9) is always unbounded when 〈v, f−〉 6= 0. We conclude therefore
that 〈v, f−〉 = 0 for all v ∈ D . But, by condition (i) in the theorem, D is dense in H ,
and so f− = 0. 
Remark 2.2. The converse to the implication in Theorem 2.1 holds; in fact a slightly
stronger version holds. I.e., it holds that every skew-adjoint operator iH˜ (H˜∗ = H˜) in
a Hilbert space H admits dense subspaces D contained in dom(iH˜) which satisfy the
conditions (i)-(ii) from the statement of Theorem 2.1.
In fact, there are many such choices for D ; and it becomes more of a question of
identifying choices that are useful in applications. Below we sketch a choice of dense
5subspace D (subject to (i)-(ii)) for a given skew-adjoint operator iH˜ in H , where H
is a fixed Hilbert space.
Given iH˜, we get a projection valued measure P (·) as in (2.6); i.e., P (·) is a sigma-
additive function defined on B (R), Borel sets, such that
P (R) = IH
P (A) = P (A)∗ = P (A)2 , ∀A ∈ B (R)
P (A ∩B) = P (A)P (B) , ∀A,B ∈ B (R)
and s.t. (2.6) holds.
We then set, for all ε ∈ R+, Dε := P
(−ε−1, ε−1)H ⊂ H , and D := ⋃ε∈R+ Dε. It
then follows from basic spectral theory that this D satisfies the conditions from (i)-(ii)
in the statement of Theorem 2.1.
Example 2.3. Let H = L2(0, 1), and D = C1c (0, 1) = compactly supported C1
functions in (0, 1). And H = d/dx, skew-symmetric on D . If v is in D we can
exponentiate locally as
ϕ (t) v (·) := v (· − t)
as long as we don’t translate out of (0, 1), but H is not essentially skew-adjoint; it has
deficiency indices (1, 1). Note that ϕ (t) does not satisfy the local invariance condition.
Reason: The support of v (· − t) gets closer to a boundary point as |t| 6= 0.
To see that H above with D = dom (H) = C∞c (0, 1) has von Neumann indices
(1, 1), note that each of the two equations
H∗f± = ∓f±
has non-zero solution, i.e., f± ∈ L2 (0, 1), f± ∈ dom (H∗). The solutions are
f± (x) = const · e±x, x ∈ (0, 1) .
3. Commuting skew-symmetric operators with common dense
domain
Here we study the case of integrability and extendability of abelian Lie algebras of
unbounded skew-symmetric operators with common dense domain in Hilbert space.
Theorem 3.1. Fix n ∈ N, and set Jn := {1, . . . , n}. Let Hi, i ∈ J , be a set of
skew-symmetric operators with a common dense domain D in a Hilbert space H , i.e.,
〈Hjv, w〉+ 〈v,Hjw〉 = 0 (3.1)
for all v, w ∈ D , j ∈ Jn. Suppose there are subspaces Dε, ε ∈ R+, such that
(i’)
D =
⋃
ε∈R+
Dε.
6(ii’) For every ε ∈ R+ there is an ε′, 0 < ε′ < ε, and there are operators
{ϕε,j (t) : |t| < ε}
with dense domain D such that:
For all j ∈ Jn,
(a) ϕε,j (s+ t) = ϕε,j (s)ϕε,j (t), |s| < ε, |t| < ε, |s+ t| < ε;
(b) ddtϕε,j (t) = Hjϕε,j (t), |t| < ε′, ϕε,j (0) = I;
(c) ϕε,j (t) leaves Dε invariant for all t ∈ (−ε′, ε′); and
(d)
ϕε,j (s)ϕε,j′ (t) = ϕε,j′ (t)ϕε,j (s)
for all j, j′ ∈ Jn, |s| , |t| < ε.
Then the operators Hj are essentially skew-adjoint, and the operator closures Hj
strongly commute, i.e., the operators Hj have commuting spectral projections.
Proof. Note steps 1-5 in the proof of Theorem 2.1 carry over for each Hj , j ∈ Jn.
Indeed, for each j ∈ Jn, define Uj (t) as in (2.3), acting on D . Then Uj (t) is
norm-preserving (see (2.4)), and by (ii’)(d), we have
Uj (t)Uj′ (s) = Uj′ (s)Uj (t) on D , ∀j, j′ ∈ Jn, t, s ∈ R.
Therefore, the operators Uj extend by continuity to a family of commuting unitary
one-parameter groups in H . By Stone’s theorem,
Uj (t) = e
itH˜j =
ˆ
eitλPj (dλ) , t ∈ R
where H˜j is the corresponding selfadjoint infinitesimal generator, and Pj the projection
valued measure. Moreover, Hj ⊂ iH˜j and Hj = iH˜j , i.e., Hj is essentially selfadjoint.
For finish the proof, we recall a general theorem in the theory of integrable repre-
sentations of ∗-algebras. See [Jør76, Lemma 1] and a complete proof in [JM84].
Details: Note (i’)-(ii’) define a representation ρ of an n-dimensional abelian Lie
algebra g (= Rn) acting on the common dense domain D in H . By [Jør76, Lemma 1],
the local invariance condition and the density of D imply that ρ can be exponentiated
(i.e., ρ is integrable) to a unitary representation U of the Lie group G = (Rn,+), and
ρ = dU . Therefore, the generators iH˜j strongly commute. 
Combining the ideas above, we get the following result for commuting operators.
We state it for n = 2, but the conclusions hold mutatis mutandis for the case n > 2 as
well.
Proposition 3.2. Let H1 and H2 be two skew-symmetric operators defined on a com-
mon dense domain D in a Hilbert space H . Assume that HjD ⊆ D , j = 1, 2. Then
the following conditions are equivalent:
(1) the operator L := H21 +H
2
2 is essentially selfadjoint on D ;
(2) each operator Hj is essentially skew-adjoint and the two unitary one-parameter
groups Uj (t) := etHj , j = 1, 2 are commuting;
7(3) each operator Hj is essentially skew-adjoint and
U (t1, t2) := e
t1H1et2H2 , (t1, t2) ∈ R2
defines a strongly continuous unitary representation of
(
R2,+
)
acting on H ;
(4) for each j and λ ∈ C\iR, the operator ranges (λ−Hj)D are dense in H , and
the bounded operators
(λ1 −H1)−1 and (λ2 −H2)−1
are commuting, ∀λj ∈ C\iR; and
(5) the conditions (i’) and (ii’) in Theorem 3.1 hold.
4. Lie algebras, and local representations of Lie groups
We begin with rigorous definitions of the following two notions: integrability and
extendability for Lie algebras g of unbounded skew-symmetric operators with common
dense domain in Hilbert space. In our main result, Corollary 4.16, we show that a
given finite-dimensional Lie algebra g of skew-symmetric operators is integrable to a
unitary representation of the corresponding simply connected Lie group if and only if
it has a dense and locally invariant domain.
Definition 4.1. Let H be a Hilbert space, and D a dense subspace. Let g be a finite
dimensional Lie algebra over R. Let Sk (D) denote the real Lie algebra of all linear
operators X satisfying
(i) D ⊂ dom (X), for all X ∈ g;
(ii) X (D) ⊂ D ;
(iii) 〈Xu,w〉+ 〈u,Xw〉 = 0, for all X ∈ g, and u,w ∈ D .
A representation ρ of g is a Lie-homomorphism ρ : g→ Sk (D), i.e.,
ρ ([x, y]) = [ρ (x) , ρ (y)] , ∀x, y ∈ g. (4.1)
Occasionally, we shall use the notation X = ρ (x), x ∈ g.
Definition 4.2. We say that a representation (ρ, g,D) has an integrable extension iff
(Def) there is a unitary representation U of the simply connected Lie group G with g
as its Lie algebra, s.t.
ρ (x) ⊆ dU (x) , ∀x ∈ g, (4.2)
where the containment “⊆” in (4.2) refers to containment of graphs, i.e.,
D ⊆ dom (dU (x)) , ∀x ∈ g, and
ρ (x)w = dU (x)w, ∀w ∈ D . (4.3)
Definition 4.3. We say that a Lie algebra representation (ρ, g,D) is integrable if (4.2)
holds, but with equality for the closure, i.e.,
Graph (ρ (x))H ×H closure = Graph (dU (x)) , where
dU (x)w = lim
t→0
U (exp tx)w − w
t
(4.4)
8Lemma 4.4 ([JM84]). Let G be a Lie group with Lie algebra g, and exponential map-
ping g exp−−→ G, and let U be a unitary representation of G acting on a Hilbert space H .
Set
H∞ :=
{
w ∈H ∣∣ (G 3 g → U (g)w) ∈ C∞ (G,H )} , (4.5)
the C∞-vectors of U ; then
dU (x)w = lim
t→0
U (exp tx)w − w
t
(4.6)
is well defined for all w ∈H∞, x ∈ g.
Moreover, dU (x) on H∞ is essentially skew-adjoint; i.e.,(
dU (x) ∣∣H∞)∗ = −dU (x) , ∀x ∈ g.
Note. If X is an operator with dense domain, then domain of its adjoint X∗ is{
w ∈H ∣∣ ∃C = Cw <∞ s.t. |〈w,Xu〉| ≤ C ‖u‖ , ∀u ∈ dom (X)}.
Example 4.5. Let H1 = ddx
∣∣
C∞c (0,1)
in L2 (0, 1). H is densely defined, skew-symmetric,
with deficiency indices (1, 1). H1 is extendable but not integrable.
On the other hand, H2 = ddx
∣∣
C∞c (R)
is densely defined, skew-symmetric, acting in
L2 (R), and it has deficiency indices (0, 0); i.e., H2
∗
= −H2, skew-adjoint. H2 generates
the one-parameter unitary group
{
U (t) = e−tH2
}
t∈R
, where
U (t) f (x) = f (x− t)
for all f ∈ L2 (R). Therefore, H2 is integrable.
Example 4.6. Let M denote the Riemann surface of the complex log z function. We
will realize M as a covering space for R2\ {(0, 0)} with an infinite number of sheets
indexed by Z as follows (see Fig 4.1):
Figure 4.1. M the Riemann surface of log z as an ∞ cover of R2\ {(0, 0)}.
Rotate the real log x, x ∈ R+, in the (x1, x2) plane while creating spirals in the
x3-direction, one full rotation for each interval n ≤ x3 < n+ 1, n ∈ Z.
9The measure of L2 (M) and C∞c (M) derive from the i.e., the 2D-Lebesgue measure
lifts to a unique measure onM ; hence L2 (M). Here the two skew symmetric operators
∂
∂xj
, j = 1, 2 with domain C∞c (M) define an abelian 2-dimensional Lie algebra of
densely defined operators in the Hilbert space L2 (M).
Proposition 4.7. (i) The
{
∂
∂xj
}
j=1,2
Lie algebra with domain C∞c (M) ⊂ L2 (M) is
not extendable (see Definition 4.2).
(ii) Each operator ∂∂xj on C
∞
c (M) is essentially skew-adjoint, i.e.,
−
(
∂
∂xj
∣∣∣
C∞c (M)
)∗
= closure
(
∂
∂xj
∣∣∣
C∞c (M)
)
, j = 1, 2. (4.7)
(iii) The two skew-adjoint operators in (4.7) are not strongly commuting.
(iv) The operator
L :=
(
∂
∂x1
)2
+
(
∂
∂x2
)2
on C∞c (M) (4.8)
has deficiency indices (∞,∞).
Proof. The two operators ∂∂xj generate unitary one-parameter groups Uj (t), j = 1, 2,
acting on L2 (M) since the two coordinate translations
(x1, x2) 7−→ (x1 + t, x2) , x2 6= 0 (4.9)
(x1, x2) 7−→ (x1, x2 + t) , x1 6= 0 (4.10)
lift to unitary one-parameter groups acting on L2 (M); and it is immediate that the
respective infinitesimal generators are the closed operators ∂∂xj .
If ϕ ∈ C∞c (M) is supported over some open set in R2\ {(0, 0)}, for example,
(x1 − 2)2 + x22 < 1, if 1 < s < 2, 1 < t < 2, then the two functions
U1 (s)U2 (t)ϕ and U2 (t)U1 (s)ϕ (4.11)
are supported on different sheets in the covering M −→ R2\ {(0, 0)}, two levels op-
posite; see Fig 4.2. Hence the two unitary groups {U1 (s)}s∈R and {U2 (t)}t∈R do not
commute.
Hence it follows from Nelson’s theorem [Nel59] that L in (4.8) is not essentially
selfadjoint. Since L ≤ 0 (in the sense of Hermitian operators) its deficiency indices are
equal. It was proved in [Tia11] that the indices are (∞,∞); see also details below. 
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Figure 4.2. Translation of ϕ to different sheets.
Proposition 4.8. Let M be the ∞-covering Riemann surface of log z, and let
{U1 (s)}s∈R , {U2 (t)}t∈R
be the two unitary one-parameter groups in L2 (M) from Proposition 4.7. Then the
two groups together act irreducibly on L2 (M).
Proof. We shall need the following lemma. 
Lemma 4.9. Let ε, s, t ∈ R+, and pick a sheet Mk of the surface M(see Fig 4.1). On
Mk, consider the “box” Bs,t =
{
(x1, x2)
∣∣ ε < x1 < s, ε < x2 < t}, then the commutator
C (s, t) = U1 (s)U2 (t)U1 (−s)U2 (−t) (4.12)
acts as the identity operator in Bs,t.
Proof. This follows from the reasoning below (4.11) and Fig 4.2. 
Proof of Proposition 4.8 continued. If P is a projection in L2 (M) which commutes
with all the operators C (s, t) in (4.12), then P must be a multiplication operator; say
multiplication by some function f , f = f = f2. If P also commutes with each of the
unitary one-parameter groups {U1 (s)} and {U2 (t)}, it follows from that (4.9)-(4.10)
that the function f must be constant; hence f ≡ 0, or f ≡ 1. Consequently P = 0, or
P = IL2(M), and it follows that the system {U1 (s) , U2 (t)} is irreducible. 
Let Xj = ∂∂xj
∣∣∣
C∞(M)
, j = 1, 2, as in Proposition 4.7. We see that each Xj is
essentially skew-adjoint, but etX1esX2 6= esX2etX1 globally. Set
D∞ :=
⋂
l1,l2∈N
D(X
l1
1 X
l2
2 ) =
∞⋂
n=1
dom
(
L
n) (4.13)
where l1, l2 ∈ N. Let
L := ∆
∣∣∣
D∞
(4.14)
L′ := ∆
∣∣∣
C∞c (M)
(4.15)
where ∆ = ( ∂∂x1 )
2 + ( ∂∂x2 )
2.
11
By Nelson’s theorem [Nel59], we have the following equivalence
the two operators X1, X2 commute strongly
m
L∗ = L
Since L ≤ 0, it suffices to consider the deficiency space
D1(L) := {ψ ∈ D(L∗) : L∗ψ = ψ}. (4.16)
By elliptic regularity, we have ψ ∈ C∞(M) ∩ L2(M), for all ψ ∈ D1 (L).
Remark 4.10. There is a distinction between the two versions of Laplacian. For ex-
ample, if M = R2\ {(0, 0)}, i.e., the punctured plane, then D∞ = C∞-vectors for the
unitary representation of G =
(
R2,+
)
on L2 (M). In this case, L is the free Hamilton-
ian which has deficiency indices (0, 0), however L′ has indices (1, 1). The corresponding
unitary groups are translations in the two coordinate directions of R2, and they do com-
mute. Therefore, X1 and X2 strongly commute, and the two dimension Lie algebra
with generators Xj is integrable.
Since in the log z example, X1 and X2 do not strongly commute, it follows that
X21 +X
2
2 has deficiency indices (m,m), m > 0. We show below that m =∞ [Tia11].
Lemma 4.11. Let Kν be the modified Bessel function of the second kind of order ν,
and suppose ν ∈ (−1, 1). Thenˆ ∞
0
|Kν(z)|2 zdz = 1
2
piν
sinpiν
. (4.17)
Proof. By Nicholson’s integral representation of Kν [Wat44, pg. 440], we have
Kµ(z)Kν(z) = 2
ˆ ∞
0
Kµ+ν(2z cosh t) cosh((µ− ν)t)dt. (4.18)
Since Kν is real-valued, setting µ = ν, it follows that
|Kν(z)|2 = 2
ˆ ∞
0
K2ν(2z cosh t)dt (4.19)
We recall the following identity [Wat44, pg. 388, eq. (8)]:ˆ ∞
0
Kν(z)z
β−1dz = 2β−2Γ
(
β + ν
2
)
Γ
(
β − ν
2
)
, <(β) > |<(ν)| . (4.20)
For ν ∈ (−1, 1), β = 2, (4.20) yieldsˆ ∞
0
K2ν(2z cosh t)z dz =
1
(2 cosh t)2
Γ
(
2 + 2ν
2
)
Γ
(
2− 2ν
2
)
=
1
(2 cosh t)2
Γ (1 + ν) Γ (1− ν)
=
1
(2 cosh t)2
νΓ (ν) Γ (1− ν)
12
=
1
(2 cosh t)2
( piν
sinpiν
)
; (4.21)
where the last step follows from the identity
Γ (ν) Γ (1− ν) = pi
sinpiν
(4.22)
of the Gamma function Γ.
Combining (4.19) and (4.21), and using Fubinis’s theorem, we getˆ ∞
0
|Kν(z)|2 zdz = 2
ˆ ∞
0
(ˆ ∞
0
K2ν(2z cosh t)zdz
)
dt
= 2
( piν
sinpiν
) ˆ ∞
0
1
(2 cosh t)2
dt
=
1
2
piν
sinpiν
ˆ ∞
0
1
cosh2 t
dt
=
1
2
piν
sinpiν
.

Let M = the Riemann surface of complex log z. Note that M is covered by a single
coordinate patch under polar coordinates, i.e.,
x = r cos θ
y = r sin θ
where r ∈ R+, θ ∈ R; and it has the standard metric
ds2 = dr2 + r2dθ2.
Taking Fourier transform in the θ variable leads to the decomposition
L2(M) =
ˆ ⊕
R
Hξ dξ, where (4.23)
Hξ := L
2(R+, rdr)⊗ span{eiξθ}. (4.24)
Specifically, for all f ∈ L2 (M), we set
f̂ (r, ξ) :=
ˆ ∞
−∞
f (r, θ) e−iξθdθ; then
f (r, θ) =
1
2pi
ˆ ∞
−∞
f̂ (r, ξ) eiθξdξ, and
‖f‖2L2(M) =
1
2pi
ˆ ∞
−∞
(ˆ ∞
0
∣∣∣f̂ (r, ξ)∣∣∣2 rdr) dξ
The formal 2 dimensional Laplacian takes the form
∆ =
ˆ ⊕(1
r
d
dr
(
r
d
dr
)
− ξ
2
r2
)
⊗ 1. (4.25)
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Proposition 4.12. Let L be the Laplacian in (4.14), and D1 (L) the deficiency space
(4.16) as before. Then, ψ ∈ D1 (L), i.e., ψ is a solution to the following equation
∆ψ = ψ, ψ ∈ C∞ (M) ∩ L2 (M)
iff there is a Borel function g supported in (−1, 1) and satisfiesˆ 1
−1
1
2
piξ
sinpiξ
|g (ξ)|2 dξ <∞ (4.26)
such that
ψ(r, θ) =
1
2pi
ˆ 1
−1
g(ξ)Kξ(r)e
iξθdξ. (4.27)
Here, Kξ is the modified Bessel function of the second kind. Consequently, L has
deficiency indices (∞,∞).
Proof. Let ψ ∈ C∞ (M) ∩ L2 (M). Using the decomposition (4.23)-(4.24), we have
ψ (r, θ) =
1
2pi
ˆ ∞
−∞
(ˆ ∞
0
ψ̂ (r, ξ) eiξθrdr
)
dξ.
It follows from (4.25) that
∆ψ =
1
2pi
ˆ ∞
−∞
(ˆ ∞
0
∆
(
ψ̂ (r, ξ) eiξθ
)
rdr
)
dξ
=
1
2pi
ˆ ∞
−∞
(ˆ ∞
0
(
1
r
d
dr
(
r
d
dr
)
− ξ
2
r2
)
ψ̂ (r, ξ) eiξθrdr
)
dξ.
Hence ∆ψ = ψ iff (
1
r
d
dr
(
r
d
dr
)
− ξ
2
r2
)
ψ̂ (r, ξ) = ψ̂ (r, ξ) ; (4.28)
where
lξ :=
1
r
d
dr
(
r
d
dr
)
− ξ
2
r2
is the Bessel differential operator of order ξ, acting in L2 (R+, rdr).
Note that lξ
∣∣
C∞c (R+)
≤ 0 (in the order of Hermitian operators); and it is essentially
selfadjoint in L2 (R+, rdr) iff |ξ| ≥ 1, see e.g., [AG93]. Thus in the solution to (4.28),
we must have ξ ∈ (−1, 1). The corresponding defect vector is given by
ψ̂ (r, ξ) = const ·Kξ(r);
where Kξ denotes the modified Bessel function of the second kind. Since the constant
depends on ξ, we may write
ψ̂ (r, ξ) = g (ξ)Kξ(r)
subject to the condition ˆ 1
−1
(ˆ ∞
0
|g (ξ)Kξ(r)|2 rdr
)
dξ <∞. (4.29)
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By Fubini’s theorem,
LHS(4.29) =
ˆ 1
−1
(ˆ ∞
0
|Kξ(r)|2 rdr
)
|g (ξ)|2 dξ
=
ˆ 1
−1
1
2
piξ
sinpiξ
|g (ξ)|2 dξ, by Lemma 4.11;
which gives (4.26).
Finally, we have
ψ(r, θ) =
1
2pi
ˆ ∞
−∞
ψ̂ (r, ξ) eiξθdξ
=
1
2pi
ˆ 1
−1
g(ξ)Kξ(r)e
iξθdξ
which is the desired result. 
Remark 4.13. The harmonic analysis of the Riemann surface M of log z is of inde-
pendent interest, but it will involve von Neumann algebras and non-commutative ge-
ometry. As we noted, to study this, we are faced with two non-commuting unitary
one-parameter groups acting on L2(M) (corresponding to the two coordinates for M).
Of interest here is the von Neumann algebra generated by these two non-commuting
unitary one parameter groups. It is likely that this von Neumann algebra is a type
III factor. There is a sequence of interesting papers by K. Schmudgen on dealing with
some of this [Sch84, SF84, Sch85, Sch86b, Sch86a].
In any case, the properties of the von Neumann algebra depend on the defect space
(4.16) for the M -Laplacian L . The role of the non-commutativity is tied in with the
operator L as follows:
Nelson’s theorem on analytic vectors [Nel59] applies more generally to Lie algebras
of operators, commutative or not. We summarize briefly its relevance. Let g be a finite-
dimensional real Lie algebra of skew symmetric operators with a common dense domain
in a fixed Hilbert space. Pick a basis for g, and let L be the sum of squares of the basis-
elements; the Nelson-Laplacian. The first theorem in [Nel59] states that L analytically
dominates the Lie algebra g. The notion of “analytic domination” is powerful. It means
that analytic vectors for L are also analytic for the whole Lie algebra g. As a Corollary:
If L is essentially selfadjoint, it has a dense space of analytic vectors, and so these will
also be analytic for g, and so g is integrable.
It the commutative case, if dim g = n, and if L is essentially selfadjoint, then it
follows that the Lie algebra g is integrable; i.e., we have a unitary representation U
of Rn such that dU = g; see Definition 4.3. Hence the operators in g are essentially
skew-adjoint, and they strongly commute. The converse implication holds as well.
Returning to L2(M): Since in our log z example (Examples 4.5-4.6), the two unitary
one-parameter groups do not commute, it follows that g is not integrable, and so the
Nelson-Laplacian L must have indices (m,m), m > 0.
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Theorem 4.14 ([Jør76]). Let H be a Hilbert space. Let g ⊂ L (H ) be a finite
dimensional Lie algebra. Suppose g is generated by a subset S such that every A ∈ S
is closable and the closure A generates a C0 group {pi (t, A)}t∈R ⊂ L (H ). Then g is
integrable iff g has a dense locally invariant D in H .
Remark 4.15. Theorem 4.14 also applies to abelian Lie algebras. In Example 4.6, we
have two derivative operators acting on L2 (M), where M is the Riemann surface of
log z. The Lie algebra is two dimensional, and not integrable. We conclude that there
is no locally invariant D for the two operators.
There is a local representation in L2(M) but not a global one. By global we mean
the closures are strongly commuting, which we do not have. In our log z example it is
obvious that we can integrate locally ϕg, g in a small neighborhood of 0 in R2, so a
local representation ϕ of R2 acting on L2(M), but ϕ will not have any locally invariant
D . This is different from our 1D examples. In Example 4.5, we had a (1, 1) example,
but it is contained in a (0, 0) example which has a locally invariant D . No such thing
happens for L2(M) since the two operators are already essentially skew-adjoint.
Corollary 4.16. Let G be a simply connected Lie group with Lie algebra g, and expo-
nential mapping g exp−−→ G. Let H be a Hilbert space, and D ⊂ H a dense subspace.
Let ρ ∈ Sk (D ,H ) be a representation of g with D as a common dense domain for the
skew-symmetric operators
{
ρ (x)
∣∣ x ∈ g}. By a local representation for ρ, we mean a
neighborhood W of e in G and a mapping
ϕW : W −→ operators on D (generally unbounded) (4.30)
such that if g1, g2 and g1g2 are in W , then the following two conditions
ϕW (g1g2) = ϕW (g1)ϕW (g2) , and (4.31)
d
dt
ϕW (exp (tx)) = ρ (x)ϕW (exp (tx)) (4.32)
hold where x ∈ g, and exp (tx) ∈W .
Suppose that there is a system of neighborhoods W = {W} of e in G, solutions ϕW
to (4.30)-(4.32), and subspaces DW ⊂ D such that the following two conditions hold:
D =
⋃
W∈W
DW , and (4.33)
ϕW (g)DW ⊂ DW , ∀g ∈W. (4.34)
Then we conclude that ρ is integrable, i.e., there is a unitary representation U of G,
acting on H , such that
D ⊆H∞, ρ (x) ⊆ dU (x) , ∀x ∈ g; and
(Graph closure of ρ (x)) = dU (x) , ∀x ∈ g.
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Appendix. Riemann surfaces of finite-cover degree
Fix N ∈ N, and let M be the N -covering surface of R2\ {(0, 0)}. Under polar
coordinates, M is covered in a single coordinate patch as
x = r cos θ
y = r sin θ
where r ∈ R+, and θ ∈ [0, 2piN); and it has the induced metric
ds2 = dr2 + r2dθ2
with volume form
dV = rdrdθ.
Using Fourier series in the θ variable, we have the following decomposition
L2 (M) =
⊕∑
k∈Z
(
L2(R+, rdr)⊗ span{eiθk/N}
)
. (4.35)
See, for example, [SW71, Chap. 4]. Hence, for all f ∈ L2 (M), we set
f̂k (r) =
1
2piN
ˆ 2piN
0
f (r, θ) e−iθk/Ndθ; then
f (r, θ) =
∑
f̂k (r) e
iθk/N
and
‖f‖2L2(M) =
∞∑
k=−∞
ˆ ∞
0
∣∣∣f̂k (r)∣∣∣2 rdr.
The formal 2D Laplacian in polar coordinates takes the form
∆ =
⊕∑
k∈Z
(
1
r
d
dr
(
r
d
dr
)
− (k/N)
2
r2
)
⊗ 1 (4.36)
Set W : L2(R+, rdr)→ L2(R+, dr) by
Wf(r) := r1/2f(r). (4.37)
W is unitary and it converts (4.36) into
W∆W ∗ =
⊕∑
k∈Z
(
lk/N ⊗ 1
)
, where (4.38)
lk/N :=
d2
dr2
− (k/N)
2 − 1/4
r2
(4.39)
(It is understood that W acts on the radial part of the decomposition (4.35).)
Note that lν in (4.39) is the Bessel differential operator of order ν acting on L2(R+, dr),
where dr denotes the Lebesgue measure. It is known that lν
∣∣
C∞c (R+)
is essentially self-
adjoint iff |ν| ≥ 1. See, for example, [AG93].
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Proposition 4.17. Let M be the N -covering surface of R2\ {(0, 0)}, N < ∞. Let
L be the Nelson-Laplace operator in (4.14), and D1 be the deficiency space in (4.16).
Then D1 is the linear span of the following functions:
Kk/N (r)e
±iθ(k/N)
where k = 0, . . . , N − 1; and Kν denotes the modified Bessel function of the second
kind of order ν. In particular, L has deficiency indices (2N − 1, 2N − 1).
Proof. Let ψ ∈ D1, i.e., ψ is the solution to the following equation:
∆ψ = ψ, ψ ∈ C∞ (M) ∩ L2 (M) ;
see (4.16). Using (4.35), we may write
ψ (r, θ) =
∑
k∈Z
ψ̂k/N (r) e
ikθ/N , where (4.40)
ψ̂k/N (r) :=
1
2piN
ˆ 2piN
0
ψ (r, θ) e−ikθ/Ndθ, (4.41)
so that
∆ψ =
∑
k∈Z
∆
(∑
k∈Z
ψ̂k/N (r) e
ikθ/N
)
=
∑
k∈Z
((
1
r
d
dr
(
r
d
dr
)
− (k/N)
2
r2
)
ψ̂k/N (r)
)
eikθ/N .
It follows that ∆ψ = ψ iff(
1
r
d
dr
(
r
d
dr
)
− (k/N)
2
r2
)
ψ̂k/N (r) = ψ̂k/N (r) . (4.42)
By [AG93] and the discussion above, the only solution to (4.42) in L2 (R+, rdr) is a
scalar multiple of Kk/N (r), for |k/N | < 1, i.e.,
ψ̂k/N (r) = Kk/N (r), k = 0, . . . , N − 1.
Therefore, by (4.40), we have
ψ (r, θ) =
∑
k∈Z
ψ̂k/N (r) e
ikθ/N =
∑
k∈Z
Kk/N (r)e
ikθ/N
for k = 0, . . . , N − 1; which is the assertion. 
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